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1 The plane p has equation r.(i — 3j + 4k) = 4 and the line /, has equation r = 2j — k + #(3i + j + 2K). The
line /, is parallel to p and perpendicular to /,, and passes through the point with position vector i + 4j + 2k.

Find the equation of /,, giving your answer in the form r = a + ¢b. [4]
2 (i) Solve the equation 7= 2(1 +1iV3), giving the roots exactly in the form r(cos@ + isiné), where
r>0and 0 <6 <2x. [5]

(ii) Sketch an Argand diagram to show the lines from the origin to the point representing 2(1 + iv3) and
from the origin to the points which represent the roots of the equation in part (i). [3]

3 Find the solution of the differential equation

Q+ tx =2
i ycotx =2x

for which y =2 when x = én. Give your answer in the form y = f(x). 9]

4  The elements a, b, ¢, d are combined according to the operation table below, to form a group G of order 4.

QU O &

O QUK TR
VL Q|
QO [QUO
Q o QL0

Group G is isomorphic either to the multiplicative group H = {e, r, , r3} or to the multiplicative group
K =e, p, q, pq}. It is given that ¥ =ein group H and that p2 = q2 = e in group K, where e denotes the
identity in each group.

(i) Write down the operation tables for H and K. [4]
(ii) State the identity element of G. 1]
(iii) Demonstrate the isomorphism between G and either H or K by listing how the elements of G correspond

to the elements of the other group. If the correspondence can be shown in more than one way, list the
alternative correspondence(s). [4]
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5 (i) By expressing sinf and cos 8 in terms of ¢ and e_ie, prove that
sin® 0 cos? 0 = —%(sin 50 —sin36 — 2 sin6). [6]
(ii) Hence show that all the roots of the equation
sin50 =sin30 + 2 sinf
are of the form 6 = ——, where 7 is any integer and £ is to be determined. [3]

nmw
ka

6  The variables x and y satisfy the differential equation
2

d’y dy 2
—5 +4— = ,
5 +4 I 12¢
(i) Find the general solution of the differential equation. [6]

(i) It is given that the curve which represents a particular solution of the differential equation has
gradient 6 when x = 0, and approximates to y = ™ when x is large and positive. Find the equation of
the curve. [4]

7  With respect to the origin O, the position vectors of the points U, V" and W are u, v and w respectively. The
mid-points of the sides VW, WU and UV of the triangle UVW are M, N and P respectively.

. —= ]
(i) Show that UM = 3(v + w — 2u). [2]
(ii) Verify that the point G with position vector %(u + v+ w) lies on UM, and deduce that the lines UM, VN
and WP intersect at G. [5]
(iii) Write down, in the form r = a + b, an equation of the line through G which is perpendicular to the
plane UVW. (It is not necessary to simplify the expression for b.) 2]
1 0 0
(iv) It is now given thatu =|0 |, v=|1|and w =| 0 |. Find the perpendicular distance from O to the
0 0 1
plane UVW. 3]
a b
8  The set M of matrices 7 ) where a, b, ¢ and d are real and ad — bc = 1, forms a group (M, x) under
c

cosf) —sind
matrix multiplication. R denotes the set of all matrices| . .
sinf  cosd

(i) Prove that (R, x) is a subgroup of (M, x). [6]

(ii) By considering geometrical transformations in the x-y plane, find a subgroup of (R, x) of order 6. Give
the elements of this subgroup in exact numerical form. [5]
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4727 Mark Scheme June 2012
Question Answer Marks Guidance
1 METHOD 1
b=[1,-3,4]x%[3,1,2]=[-10,10,10] M1 For attempt to find vector product of directions
=k[-11,1] M1 Correct calculation of vector product Allow 1 error
Al For correct b .
= r=[14,2]+]-1,11] B1 FT | For correct equation. FT from b
[4]
METHOD 2
[x,¥,2].[1,-3,4]=0 = x-3y+4z=0 For an equation from /, perpendicular to normal of plane
[x,»,2].[3,,2]=0 = 3x+y+2z=0 M1 and an equation from /, perpendicular to /;
Solving = [x, y, z]=b =k[-1,1,1] M1
Al
= r=[14,2]+]-1,11] BIFT | For correct equation. FT. from b Must show “r ="
2 O 4 =4(%+i§)=4cis§n BI | For arg(z*) =17 soi
MI For dividing arg(z*) by 4
z= 2cis(kl), k=1,7,13,19 Al For any 2 correct values of &
12 Al For all 4 values of k and no extras. Ignore values outside | For second A1, must be
range in correct form.
Bl | For modulus of all stated roots = /2 Don’t accept 1.41.. or

[5]

SR For arg(z*) =17 award BO M1 Al FT for all

cis(kﬁ) L k=1,13,25,37, A0 BO/B1

i
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2 (i1) - B1 For roots forming a square, centre O, on equal-scale axes. | Must be roots distinct
A from z*
Penalise once use of
points not lines
Bl For z* and only one root in first quadrant with arguments in
ke ratio approximately 3:1
BL | For |24]:]z|~4:42 (allow (2,4):1) For all four roots
31
3 Integrating factor = gleotxdy _ hnsiny _ ML | For IF = ¢*nsinx gp e*neosx
Al For simplified IF
= %(y sinx) = 2xsinx Ml For %(y.their IF) = 2x.their IF
= ysinx=—-2xcosx+ J' 2 cos x dx M1* | For attempt to .integrate RHS using (Must use u = (2)x)
sSin x
parts for Ix{cosx dx
Al For correct RHS 1st stage
= ysinx =-2xcosx+2sinx (+c) Al oe
(Lz.2)=c=1x3 M1 fep For substituting (17, 2) into their GS (with c) ¢=0.907
A1 FT | For correctly finding ¢ (FT from GS)
= y=-2xcotx+2+ % /3 cosec x Al For correct solution AEF of standard notation y = f(x)
9
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4 i 2,3 B2 For correct table for H
(1) H|le r r r K | e p q pq
e e r 1’2 r e e p q Pq
s 3 B2 For correct table for K
r|r r°-r e p|\p ¢e pqg ¢
P e 414 P4 ¢ P SR In both tables allow B1 for 1 or 2 errors
2 pglpqg 9 p ¢
rlr e r 4]
4 (i1) Identity = b B1 For correct identity
1
4 (iii) G is isomorphic to H Bl For H identified as isomorphic to G (may be implied by
table)
B1 For a <> r* at least once
Bl For ¢,d <> r, ¥ either way
Bl For ¢, d < r, ¥> both ways and b corresponds to e explicit.
Award fourth B1 only for completely correct answer.
If none of last 3 marks gained, then SC1 for order of all
elements of G and H
5 (@) METHOD 1 z may be used for ¢'? throughout
. N3, N2 B1 i0_ -0 0 -6 .
i0 -6 i0 i0 For|¢ —¢ e’ +e soi
sin36?cos29={e ,e J [e e J [ 2i JOR[ 2 ]
21 2
_ _L’ (23 _4p3pl_ 3 ) (22 a2 ) Ml For expanding brackets (binomial theorem or otherwise)
32i
Ml For full expansion with 12 terms. two brackets expanded
B1 F 1 soi by alternate
o35 method
_ __((25 S ) _<Z3 3 ) —2(2 A )) Ml For grouping terms Can be seen at any
32i stage
1 (55 B_,3 ,_,1 This step, oe, is needed for the final mark oe includes replacing
T TR Y -2 o 2°-z” with 2isin50 etc
Al For simplification to AG WWW

[6]
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METHOD 2
sin® @cos® @ =sin® @ —sin’ @
2isinf=z— 1 B1
zZ
—8isin’@=2" —32+§—i3
z z Ml For RHS
=(z° —%)—(32—3)
z z
=2isin36 —6isin @ *
32isin’ =2z" -52° -1-102—2+i3—i5
z z z
_(s_ ] 553 S 10 10 M1 For grouping terms
=(z —;)—( z —;)+( Z—?)
=2isin 50 —10isin 36 + 20isin & B1 For RHS of this line and line * above
sin’ @cos’ @
1 For —L
= —5(4(2is39—6is9) +(2is50-10is30+20is9)) | Bl 32i
1
=—%(siHSH—Ssin39+4sin39+105in9—12sin9)
= —i(sinSQ— sin360 —2sin #) Al
16 For ag www
5 (i1) .3 ) Ml For either equation Can be implied by the
sin” 0 cos”0=0 _ G19-0 OR cos@=0 Accept also Sinf = +/-1 A mark plus at least
sin’0 = 0 or similar.
= O=r7 OR 0=02r+ 1)% T Al For either solution, AEF including a list of the first few At least 2 in list
(and no wrong
solution)
g7 Al For both of above solutions leading to general solution in
T form of AG where & =2
131
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6 )] METHOD 1
m2+4m=0 = m=0,—4 Ml For attempt to solve correct auxiliary equation
CF= A+ Be™* Al For correct CF
Pl y=pe? = 4p+8p=12 Bl For PI of correct form seen Beware poor use of
2x
pxe
Ml For differentiating PI and substituting Scores maximum
= p=1 Al For correct p of M1 A1 B0 M1
GS y=A+Be™ +e** B1 FT | For using GS = CF + PI with 2 arbitrary constants in GS and A0 B0
none in PI
[6]
METHOD 2
. dy oy M1 For attempt to integrate equation
Integrating = . +4y=6e"" +¢ Bl For +c included
dx d 4x\_ . 6x dx B1V | For correct IF. fit. from their DE
IF e = a(y ¢ ) =6cT Fee M1 For multiplying through by their IF and attempting to integrate
= pett =™ +% ce¥ 1B Al For correct integration both sides, including +B
= y=e+ A4+ BeH Al For correct solution Must include “y ="
6 (i1) dy 4y 2x Ml For differentiating “their GS” with 2 arbitrary constants and If “their CF” is
—=—4Be " +2¢ D . .
dx substituting values to obtain an equation (A+ Bx)e™
dy B 3 Al For correct B can score max of
(O’E_6j = -4B+2=6 = B=-1 M1 A0 B1 A0
(y= e =)A=0 Bl For correct A and consistent with” their GS”
= yp=—e i Al For correct equation www
[4]
7 (1) m=v+ %(w -v)=> M1 For using vector triangle, or equivalent, for M UM =UV +VM
=(v—u)+%(w—v)
| . Al For correct expression AG
UM = v+3(w—v)—u :§(V+w—2u)
SR Allow use of ratio theorem Minimum
-u+ l(v +wW)
2] 2
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7 (ii) METHOD 1 (first 3 marks)
— .
UM is r:u+%t(v+w—2u) MI* | For equation of UM
MI* | For attempt to find a suitable value of ¢
t=2 = utd(viw-2u)=J(u+v+w) Al | For 1=2 and G obtained AG
METHOD 2 (first 3 marks)
= | M1* | For finding directions of UG or MG
UG=3(u+vew)-u=3(v+w-2u) M1* | For comparing with UM
OR
=3(utv+w)=Z(v+w)=—(v+w-2u)
= U, G, M collinear Al For showing G lies on UM AG
= . B1 . .
By symmetry of OG inu, v, w For use of symmetry, or by repeating method for UM twice
more.
G also lies on VN, WP Bldep | For complete reasoning to AG
= UM, VN, WP intersect at G *
e [5]
7 | (i) Line is r=%(u+v+w)+t(u—v)><(u—w) (etc)
Bl For r= %(u+v+w)+t><"anyvector"
B1 For a correct n, using any 2 of £ (u—v), £(v-w),+(w—-u) Allow
UV xVW or
similar
2]

10
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7 @iv) METHOD 1
n=[1,0,—-1]x][0,1,—1] (etc) = £[1,1,1] M1* | For attempt to find n May see use of
| pn—d |
i
UVWis r.n=[1,0,0].[1,1,1]=1 Mldep | For substituting a point
*
1 Al For correct d
=>d=—F
NE)
3]
METHOD 2
UVWis x+y+z=1 (from givenu, v, w) M2 For attempt to find cartesian equation
1 Al For correct d
=>d=—
V3
METHOD 3
* _
O_G) =L(u+viw) Mi For stating or implying |OG]is d
= 0G = % +% +% Ml*d P | For finding magnitude
1 Al For correct d
=>d=—
V3

11
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8 | For R, cos®#+sin’ =1 =ad-bc =1 (= Bl For showing Rc M

RcM )

R(O)R(¢) = R(0+ ¢) and hence closed, since M1 For multiplying 2 distinct elements

cos 0 cos @ —sin @sin ¢ = cos(0 + @) and

+ (cos @sin ¢ +sin 6 cos @) = + sin(6 + @) Al For obtaining R(O)R(4) € R Must demonstrate use of

compound angles
or explain rotations.
Identity 6=0= ((1) (1)) €R Bl For identity element related to 6 =0
Inverse R(-6) =( cos o sinﬁj Bl For inverse element ...
—sinf cosé
cos(—0) —sin(—6)
= \sin(-0) cos(-8) Bl ...converted to form of elements of R

[6]

SR For use of (a,b eR=ab'e R) <Risa

subgroup of M

For R, cos? @+sin’0=1 = Rc M B1 For showing Rc M

RORS)™ = (Cf)s z —sin ;j(cés(—(/f) —Sin(—¢)) Bl For considering R()R(¢)"

sSme cos sin(=g)  cos(~4) B1 For correct inverse

M1 For multiplying elements

_(cos(@—¢) —sin(0—¢) R Al For correct product

“sin@-¢) cos(@-¢) |

Set is non-empty T . .
Bl Can be implied by identity element related to 6 = 0

12
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8 (i1) For 6= %k;r elements are B1 For 6= %7; soi Allow degrees instead of
radians.
10 % _% 3 _% _%\/5 Ml For using “their 6” in (_CO,S kkeg s ig)
01) |1/3 L1 p |1/3 _1 7 sin cos
2 2 2 2 for at least 2 values of £, or lists all 6 values of 6
Al For identity and one other element other than (-I)
11 1 1 Al For 2 more elements
-0 2 T/g 2 E\B Al For all 6 elements correct
0 -1) |13 L] |13 1
2 2 2 2 [5]
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